We propose a stellar model under the f (T, T ) gravity following Mazur-Mottola's conjecture 1,2 known as gravastar which is generally believed as a viable alternative to black hole. The gravastar consists of three regions, viz., (I) Interior region, (II) Intermediate shell region, and (III) Exterior region. The pressure within the interior core region is assumed to be equal to the constant negative matter-energy density which provides a constant repulsive force over the thin shell region. The shell is assumed to be made up of March 9, 2020 1:12 WSPC/INSTRUCTION FILE SG˙4˙GS˙f˙T,T˙˙IJMPA˙05-03-2020 2 Ghosh Et Al.
Introduction
It is generally believed that near the end of the stellar evolution if the mass of the stellar remnant after forming planetary nebula or initiating supernova explosion exceeds three solar mass, then the star continues to collapse due to self gravitational pull leading to highly dense object, i.e., black hole. A very simplest example of it is the Schwarzschild black hole which is assumed to be static as well as uncharged and can be well defined by the following metric (for geometrized units G = c = 1)
where M is the mass of the gravitating object. The metric is singular at r = 0 (curvature singularity) and r = 2M (coordinate singularity). The surface at r = 2M which is known as event horizon, prohibits even light to escape from it due to massive gravitational pull.
In order to overcome the problem of singularity as well as to avoid the presence of event horizon Mazur and Mottola 1,2 first ever proposed the model of gravitationally vacuum star (gravastar) as the alternative to the mysterious end state of gravitationally collapsing star, i.e., black hole which is generally assumed to overcome any kind of repulsive nonthermal pressure of degenerate elementary particle, whatsoever. They generated a new kind of solution by extending the idea of Bose-Einstein condensation and fabricated the model as a cold, dark and compact object with an interior de Sitter condensate phase as well as Schwarzschild exterior. Again these two spacetimes were assumed to be separated by a shell with a small but finite thickness ℓ consisting of a stiff fluid with equation of state (EOS) p = ρ 3 . It had also been shown that unlike the black hole the new solution was stable on the basis of thermodynamics and did not possess any information paradox. The entire structure of gravastar can be envisaged with different EOS for the different regions of it as follows:
One can find plenty of works related to gravastar based on different mathematical and physical issues as available in literature. Most of these works have been done in the framework of Einstein's general relativity (GR) 1, 2, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22 . Now-a-days Einstein's general relativity presents some shortcomings in theoretical as well as observational aspects. In general relativity we often encounter the presence of singularities and there is a lack of self-consistent theory of quantum gravity. Also, from the observational point of view GR is incapable to address galactic, extra-galactic and cosmic dynamics without the consideration of the presence of exotic form of matter-energy which are often known as dark matter and dark energy 23, 24, 25, 26 . Alternatively, in spite of changing the source side of the Einstein field equations one can equally ask to modify the gravitational sector to describe the galactic as well as cosmic dynamics such as late-time acceleration of the Universe etc. As a result several modified theories of gravitation such as f (R) gravity, f (T) gravity, f (R, T ) gravity etc. have been proposed from time to time. In all these theories the geometrical part have been changed by taking a generalized functional form of the argument as the gravitational Lagrangian in the corresponding action. In modified theories of gravity one usually generalizes the corresponding action on the basis of curvature description of gravity. Interestingly, one can modify the corresponding action based on torsion, but not on curvature as was first done by Einstein himself and that is known as the "Teleparallel Equivalent of General Relativity" (TEGR) where the gravity is described by torsion tensor and not by curvature 27,28,29,30,31,33,32,34,35,36,37 . One can further modify TEGR by extending T to an arbitrary function in the Lagrangian 38, 39, 40 . Moreover, it is possible to modify the general relativity by coupling the geometric sector with the non-geometric sector 41, 42, 43, 44, 45 . Furthermore, in another modification one can consider the coupling of the matter Lagrangian to the Ricci scalar 46,47,48 and extend it to the arbitrary function of (R, L m ) 49,50,51,52,53 . Also, one may consider the models where Ricci scalar R is coupled to the trace of the energy-momentum tensor T and further extend it to an arbitrary function such as in f (R, T ) theory 54 .
Similarly, starting from TEGR but not from GR, it is also possible to consider the matter-coupled modified gravity theory. One of such theories, namely f (T, T ) gravity, has been first proposed by Harko et al. 4 . In this modified theory the part of the gravitational Lagrangian is taken as an arbitrary function of torsion scalar T and the trace of the energy-momentum tensor T . Comparing with the other theories based on the formalism of curvature or torsion, f (T, T ) seems to be a completely different modification for describing the gravity. In this paper, we study the gravastar model under f (T, T ) gravity, being motivated by the previous successful work of Das The outline of the present investigation is as follows: In Sec. 2 the basic mathematical formalism of f (T, T ) theory has been presented as the background study. The explicit form of field equations along with the conservation equation of f (T, T ) gravity for the specific form of gravitational Lagrangian is provided in Sec. 3 whereas in Sec. 4 we obtain the solutions of the field equations considering the different regions, viz., interior region, exterior region and the shell region of the gravastar. In Sec. 5 we discuss the matching conditions in order to determine the numerical values of several constants which have arisen in different calculations. Sec. 6 deals with some physical features, i.e., proper length, pressure, energy and entropy within the shell region. . Junction conditions are presented in Sec. 7 and finally, we pass some concluding remarks in Sec. 8.
Basic Mathematical Formalism of f (T, T ) Theory
The modified theories of Tele-Parallel gravity are those for which the scalar torsion of Tele-Parallel action is substituted by an arbitrary function of this latter. As it is done in Tele-Parallel, the modified versions of this theory are also described by the orthonormal tetrads and it's components are defined on the tangent space of each point of the manifold. The line element is written as
with the following definitions
Note that η ij = diag(1, −1, −1, −1) is the Minkowskian metric and the {e i µ } are the components of the tetrad which satisfy the following identity:
In GR one use the following Levi-Civita's connection
which preserves the curvature whereas the torsion vanishes. But in the Tele-Parallel theory and its modified version, one keeps the scalar torsion by using Weizenbock's connection defined as
From this connection, one obtains the geometric objects. The first is the torsion as defined by
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where the expressionΓ λ µν designs the above defined connection. Then we can write
The two previous geometric objects (the torsion and the contorsion) are used to define another tensor by
The torsion scalar is usually constructed from torsion and contorsion as follows:
In the modified versions of Tele-Parallel gravity, one can use a general algebraic function of scalar torsion instead of the scalar torsion only as it is done in the initial theory. So, the modified action 4 can be written as
Varying the action with respect to the tetrad, one obtains the equations of motion 4 as
is the energy-momentum tensor of matter field where we assume the energy-momentum tensor to be that of a perfect fluid, i.e.,
After some contraction, we can rewrite the first term on the R.H.S. of Eq. (13) as follows 69 :
and one can have
Hence from the combination of Eqs. (15) and (16), the field equation of Eq. (13) can be written as where
and
So Eq. (17) takes the following form
where
The covariant derivative of Eq. (20) reads as
The previous equation leads to the following expression
We have taken the functional form of f (T, T ) as f (T, T ) = g 1 (T) + g 2 (T ) where for simplicity we have chosen g 1 (T) = 0 and g 2 (T ) = 2QT so that f T = f TT = f TT = 0.
For the above form of f (T, T ) the Eq. (23) reduces to
The field equations in f (T, T ) gravity
Assuming that the manifold to be static and spherically symmetric, the metric can be written as 
From Eq. (26), one can obtain e = det e i µ = e (ν+λ)/2 r 2 sin θ and using Eq. (11) the torsion scalar can be written as
Now the nonzero components of the Einstein tensors can be written as
where primes stand for derivative with respect to the radial co-ordinate r.
For the functional form of f (T, T ) as f (T, T ) = g 1 (T) + g 2 (T ) with g 1 (T) = 0 the field Eq. (20) takes the form
Finally, we have the following field equations: Also the conservation equation in f (T, T ) gravity takes the form as follows
4. The solutions of the field equations for different regions of the gravastar
Interior Space-time
Following the prescription of Mazur and Mottola 1,2 we have the EOS that represent the interior region of the gravastar is given by
Now using Eqs. (40) and (41) we have obtained the matter density and pressure within the shell as
where ρ c is a constant, i.e., the matter density as well as pressure inside the shell remain constant. This indicates that the pressure and the density is homogeneous and isotropic inside the gravastar. Now using Eqs. (37) and (38) and putting the condition provided in Eq. (41) we can find the metric function e −λ for the interior spacetime of the gravastar as
where c 1 is a constant of integration. To make the solution regular at the centre of the gravastar, i.e., at r = 0 we have to set c 1 to zero so that
Now putting the above expression in Eq. (38) we get
where c 2 is an integration constant. From the above solutions as written by the Eqs. 
where r = R is the internal radius of the gravastar. 
Intermediate thin shell
The shell has been formed within the intermediate region of two spacetimes, namely, the interior and the exterior spacetime. The thickness of the shell is very small but finite and it contains the entire matter of the collapsing star. In connection to the cold, compact baryonic universe, this type of ultra relativistic matter can be termed as the stiff fluid which was first introduced by Zel'dovich 3 . This type of fluid obeys the EOS p = ρ which means it provides the necessary balancing force to counter the repulsion from the interior keeping the system in stable equilibrium.
In the present scenario we can set up an argument that it may happen from thermal excitations at 0 K temperature with negligible chemical potential or from the conserved number density of the gravitational quanta 1,2 . In many cosmological and astrophysical studies various researchers have used this type of fluid 70,71,72 for feasible explanations. Now we are looking for the mathematical as well as physical acceptable solution to explain the formation of the shell. It is very difficult to obtain the exact solution of the field equations within the nonvacuum region using the EOS p = ρ. However, considering the framework of thin shell approximation, we can find the analytical solution of the shell. Therefore, we have considered e −λ lying between the range 0 < e −λ ≪ 1. Following the prescription of Israel 
1
From Eq. (48) we can calculate the metric function e −λ as
where k 1 is a constant of integration which can be calculated using the matching condition between the thin shell region and the exterior vacuum region. Now using Eqs. (49) and (50) we have found the other metric potential e ν as
where k 2 is also a constant of integration. Variation of e ν(r) has been studied and found to be similar in its nature as Fig. 2 . 
Exterior region
The exterior of the gravastar is assumed to obey the EOS p = ρ = 0 which means that the outside region of the shell is completely vacuum. The corresponding lineelement can be written as
which is same as in Schwarzschild type vacuum solution in (3 + 1) dimension. Here M is the total mass of the gravastar.
Matching Condition
To determine the value of the integration constant k 1 we have matched the metric potential at the junction of interior region and the shell. We have obtained
We have calculated the value of the other integration constant by matching the metric potentials at the junction of the shell and the exterior region of the gravastar as
The expression of Q, using the continuity condition of δgtt δr at the junction of the shell, can be found as
In the present paper we have used the total mass of the gravastar M = 3.75M ⊙ (M ⊙ is the solar mass), internal radius R 1 = 10 km and the thickness of the shell, i.e., ǫ = R 2 − R 1 = 0.009 km and ρ c = 0.0001 73 . Using these values we have determined k 1 , k 2 , and Q as 2.097436841, 0.2562733037 × 10 −3 and −29.38185002 respectively.
Physical features of the shell

Proper Thickness
According to the conjecture of Mazur and Mottola 1,2 , the stiff fluid of the shell is situated between the junction of two spacetimes. The length span of the shell is from r = R (i.e., the phase boundary between the interior and the shell) to r = R+ǫ (i.e., the phase boundary between the shell and the exterior spacetime). So, one can calculate the proper thickness between these two interfaces and proper length or the proper thickness of the shell can be determined using the following formula
where b = 2 4π+Q 4π−Q and erf c is the complementary error function which can be defined for a variable z as
It has been observed that the proper length within the shell remains positive and finite whose variation found to be similar to that of the matter density.
Pressure and density
From Eqs. (40) and (51) we obtain the matter density as well as the pressure of the shell as
where k 3 is an integration constant and ρ 0 = k 3 k ( Q+4π Q−4π ) 2 is also constant. From the above equation one can see that the matter density increases with r over the shell. Eq. (58) suggests that the density of the shell must be very high. The variation of the density in Fig. 3 also indicates that it increases from the interior boundary to the exterior boundary, i.e., the shell is more compact at the junction of exterior region than that of the interior region.
Energy
We calculate the energy content within the thin shell as
It has been verified that variation of the energy with respect to the radial parameter r shows similar nature as the matter density within the shell.
Entropy
The entropy within the thin shell can be obtained using the following equation as where s(r) is the entropy density.
So, following Mazur and Mottola 1,2 we can write it as follows
where ξ is a dimensionless constant. Inserting Eq. (61) in Eq. (60) one can calculate the entropy of the fluid within the shell as
where c = 16π/(4π − Q). In Planckian units we have k B = = 1. The variation of the entropy over the thin shell has been shown in Fig. 4 .
Junction Condition
We have three segments of the gravastar, the shell of the gravastar is formed between the junction of two spacetimes, i.e., the interior and the exterior regions. Using the condition of Darmois-Israel 75,74 we calculate the surface stresses at the junction interface. The intrinsic surface stress energy tensor S ij is given by the Lanczos equation 76,77,78,79 in the following form
the discontinuity in the second fundamental form is given by
where the second fundamental form is given by
where the unit normal vector n ± ν are defined as
with n ν n ν = 1. Where ξ i represent the intrinsic coordinates on the shell and the parametric equation of the shell isf (x α (ξ i )) = 0 coordinate on the shell. Here '+' and '−' stands for the exterior Schwarzschild spacetime and the interior de Sitter spacetime of the gravastar respectively. Now using Lanczos equation 76 for a spherically symmetric spacetime, the surface stress energy tensor can be written as S j i = diag(Σ, −P, −P, −P). Here Σ represents the surface energy density and P stands for the surface pressure. So, we can express Σ and P by the following equations:
So, using the above two equations we have eventually obtained the surface energy density and surface pressure respectively as
Variation of the surface energy density is shown in Fig. 4 . We also note that variation of the surface pressure is exactly similar in nature as the surface energy density. There is a discontinuity of the second fundamental form at the junction between the two spacetimes which further implies that there must be a matter 
With the help of the above equation we can also calculate the total mass of the gravastar in terms of the mass of the thin shell as
Conclusions
In the present work we provide a unique stellar model following the conjecture of Mazur-Mottola 1,2 under the f (T, T ) gravity. The model termed as gravastar by them is assumed to consists of three distinct regions, namely, (i) interior core region, (ii) intermediate shell region, and (iii) exterior vacuum region and each region is governed by specific EOS. With all these specifications we find out a set of exact and singularity-free solutions presenting several interesting and valid properties of the gravastar within in the framework of f (T, T ) gravity. We have noted down several salient aspects of the solution set studying the above mentioned structural form of a gravastar and those can be described below:
(1) Interior region: Using the EOS of (41) along with the conservation equation of Eq. (40) we have found that the matter density as well as the pressure remains constant in the interior. Again using Eqs. (37)-(41) we obtain the metric functions e λ(r) and e ν(r) . From these equations it is clear that both the functions are continuous at the origin r = 0, i.e., free from any central singularity. The variation of the metric function g rr has been shown in Fig. 1. (2) Intermediate thin shell: Using the thin shell approximation we have solved Einstein's field equations to obtain the metric functions. The variation of the metric functions e λ(r) is shown in Fig. 2 . Both the parameters remain finite and positive over the shell. The results provide a physically acceptable solution for the formation of gravastar under f (T, T ) gravity.
(3) Proper thickness:The proper thickness or proper length ℓ of the shell is found to be gradual increasing in nature from the interior junction to the exterior junction.
(4) Pressure-density: The pressure and density (p = ρ = 0) of the ultrarelativistic fluid in the shell is plotted with respect to the radial coordinate r in Fig. 3 which shows that the matter density remains positive and increases gradually with the thickness of the shell. This suggests that the shell becomes more denser at the exterior boundary than the interior boundary. (5) Energy: The energy of the shell is proportional to the radial coordinate r which demands that the energy must be higher at the exterior boundary. The variation of energy is similar as the matter density shown in Fig. 3 and satisfies the requirement that the energy of the shell increases with the radial parameter of the shell.
(6) Entropy: The entropy S within the shell has been obtained in Eq. (60) and the variation is found similar as Fig. 4 which shows that the entropy is gradually increasing with respect to the radial coordinate r indicating a maximum value on the surface of the gravastar that fulfill the physical validity.
(7) Junction condition: We have studied the junction condition for the formation of thin shell between the interior and exterior spacetimes. Following the condition of Darmois and Israel 75,74 we have studied the surface energy density and surface pressure due to the formation of thin shell. The variation of the surface energy density has been plotted in Figs. 5 and it is observed that the similar behaviour can be obtained forsurface pressure. Thus, both the parameters remain positive, which indicates that the thin shell satisfies the weak and dominant energy conditions. From Eq. (70) it can be claimed for physically acceptable solution we must have 2M r < 1 and ρ c (2π − Q)R 2 < 1 2 . Unlike Einstein's general relativity there are different terms involving the constant Q in the expressions of different physical parameters of the model. This is due to inclusion of the function of torsion scalar T as well as trace of the energymomentum tensor T in the gravitational Lagrangian of the corresponding action. This kind of modification has certainly made the differences between the expressions in both the theories which can be tested by doing a comparative study between this work and that of Rahaman et al. 21 
